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Abstract 

A complete canonical quantization of the SU(3) Skyrme model performed in the collective 
coordinate formalism in general irreducible representations. In the case of SU(3) the model 
differs qualitatively in different representations. The Wess-Zumino-Witten term vanishes in 
all self-adjoint representations in the collective coordinate method for separation of space and 
time variables. The canonical quantization generates representation dependent quantum mass 
corrections, which can stabilize the soliton solution. The standard symmetry breaking mass 
term, which in general leads to representation mixing, degenerates to the SU(2) form in all 
self-adjoint representations. 
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1. INTRODUCTION 



The Skyrme model is a nonlinear field theory^with localized finite energy soliton 
solutions, which may be quantized as fermions [l|, The semi-classically quantized 
Skyrme model model has proven useful for baryon phenomenology as a realization of the 
large color limit of QCD ^. The original model was defined for a unitary field ?7(x, t) 
that belongs to fundamental representation of SU(2). The boundary condition U 1 as 
|x| ^ oo implies that the unitary field represents a mapping from —>■ S^, the integer 
valued winding number of which classifies the solitonic sectors of the model and may 
interpreted as the baryon number. The model has subsequently been directly generalized 
the SU(3) and SU(N) ^, in which case the field U (x, t) is described by group valued 
functions with semiclassical quantization. 



Both the SU 
canonically in refs. 



2) and SU(3) Skyrme versions of the model have been quantized 
^ 0] in the collective coordinate formalism. The canonical quanti- 
zation procedure leads to quantum corrections to the skyrmion mass, which restore the 
stability of the soliton solutions that is lost in the semiclassical quantization. This method 
has subsequently beengeneralized to unitary fields f/(x,t) that belong to general represen- 
tations of the SU(2) Uy,!^, along with a demonstration that the quantum corrections, 
which stabilize the soliton solutions, are representation dependent. 

The aim of the present paper is to extend the canonically quantized Skyrme model 
to general irreducible representations (irrep) of SU(3). The motivation is the absence of 
any a priori reason to restrict collective chiral models to the fundamental representation 
of the group. The focus here is on the mathematical aspects of the model, and on the 
derivation of both the Hamiltonian density and the Hamiltonian, in order to elucidate 
their representation dependence. The possible phenomenological applications both in 
hyperon and hypernuclearphenomenology as well as in the Skyrme model description of 
the quantum Hall effect pjd| and Bose-Einstein condensates are not elaborated. 

In contrast to the case of SU(2), the solutions to the SU(3) Skyrme model depend 
in an essential way on the dimension. Remarkably the Wess-Zumino-Witten (WZW) 
term vanishes in all self-adjoint irreps of SU(3), as it is proportional to the cubic Casimir 
operator C^'^^^^ in the collective coordinate method for separation of the dependence on 
space and time variables. In the self adjoint irreps the symmetry breaking mass term in 
the model reduces to the SU(2) form. 



After some preliminary definitions in Section 2 below, the main part of this paper 
is organized as follows. In Section 3, the classical treatment of the Skyrme model in 
a general irrep of SU(3) is reviewed. In Section 4, the quantum Skyrme model is con- 
structed ab initio in the collective coordinates framework. In Section 5, the WZW term 
is taken into account and the left and right transformation generators are derived from 
the Lagrangian. The Lagrangian and Hamiltonian density operators are given explicitly 
in terms of generators. In Section 6, the symmetry breaking term are considered in the 
collective coordinates framework. Section 7 contains a summarizing discussion. A number 
of relevant mathematical details are given in the Appendix. 

2. DEFINITIONS FOR THE UNITARY SU(3) SOLITON FIELD 

The unitary field f/(x, t) is defined for for general irreps (A,yu) of SU(3) in addi- 
tion to the fundamental representation (1,0). The related Young tableaux are denoted 
[Ai, A2, A3], where A = Ai — A2 , /i = A2 — A3. A group element is specified by the eight 
real parameters a*(x, t). The unitary field is expressed in the form of Wigner D matrices 
for SU(3) in (A, //) irrep as: 



The one-form of the unitary field belongs to the Lie algebra of SU(3). The one-forms may 
be determined by the functions Cl^'^''^^\a) and C'}^'^'^^\a), the explicit expressions for 
which depend on the specific group parameterization: 



The parameters spin /, and its projections M and Z, which is related to hypercharge as 
Y = —2Z, specify the basis states of irrep (1,1). 

The parameterization for the SU(3) model, and the expressions of the differential 
Casimir operator in terms of the Euler angles, has been proposed by Yabu and Ando . 
The SU(3) generators are defined as components of irreducible tensors (1, 1) and may be 
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expanded in terms of the Gell-Man generators A^: 
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In the case of the fundamental representation the A^ matrices generators reduce to 

the standard Gell-Mann matrices Aj. Although the generators ()2.3j) are non-hermitian: 

^j(i,i) U = 

form: 



_]^-jZ+Af j|i^,^)^ ^^^^^ -j-j^g commutation relations nevertheless have the simple 
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Here the coefficient on the r.h.s. of eq. (12.41) is a Clebsch-Gordan coefficient of SU(3), 

n 

the explicit expressions for which are given in nj. The index a in the Clebsch-Gordan 
coefficient denotes that only antisymmetric irrep couplings are included. 

For the specification of the basis states in a general irrep (A, fi) the parameters 
{z,j,m), where the hypercharge is y = — A) — 2z, are employed. The basis state 
parameters satisfy the inequalities: 



j — m >0 , j — z > , 
j + m >0 , j + z > , 
X + z — j >0 , fJ^ — z — j > , 
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where the left hand sides are integers. The generators f|2.3|l act on the basis states as 
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The basis states are chosen such that the generators ^(q^^q) and jj^'l^y as well as the 
Casimir operator of the SU(2) subgroup C^^'^'^^ = X](~l)^''^'^[o'i m)'^[o'i -m)' diagonal 
and thus provide a labelling of the basis states: 
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3. THE CLASSICAL SU(3) SKYRME MODEL 



The action of the Skyrme model in SU (3) is taken to have the form: 



S = j d^x{Csk + 'Csb) + Swz ■ 



(3. 



where the chirally symmetric Lagrangian density is 



Csk = Tr{R,R^} + ^-^ Tr{[R^, R.][R^ R^} . 
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Here the right chiral current is defined as 
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The Greek characters indicate differentiation with respect to spacetime variables 9^ = 
d/dx^ in the metric (lia,g{riap) = (1, —1, —1, —1). The only parameters of the model are 
/tt and e. The symmetry breaking term Csb and Wess-Zumino-Witten action Swz are 
specified below. 

Upon substitution of ()3.10|) into ()3.9|) the classical Lagrangian density may be 
expressed in terms of the group parameters a* as: 
3 
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In the last SU(3)Clebsch-Gordan coefficients only the antisymmetric irrep coupling is 
included and there is no summation over irrep multiplicity. The capital Latin character 
indices (A) denote the state label {Z,I,M), {—A) denotes {—Z,I,—M) and (—1)"^ = 
(—1)^+*^. The dependence on group irrep appear as an overall factor because 
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where dim(A,/i) = |(A + l)(yU+l)(A + /i + 2) is a dimension of irrep. AboveC2''^'^(A,/i) = 
i(A^ + /x^ + A/i + 3A + 3/i) is an eigenvalue of the quadratic Casimir operator of SU(3): 
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The time component of the conserved topological current in the Skyrme model 
represents the baryon number density which in terms of the variables a*(x, t) takes the 
form: 
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For the classical chiral symmetric Skyrme model the dependence on the irrep is 
contained in the overall factor A^. The normalization factor, 

iV=^dim(A,/i)Cf(=')(A,/i), (3.15) 

is chosen so as to that the smallest non trivial baryon number equals unity: B = 
J d'^xB^{x) = 1. The dynamics of the system are independent of the overall factor in 
Lagrangian. Therefore in the classical case the Skyrme model defined in arbitrary irrep is 
equivalent to the Skyrme model in the fundamental representation (1, 0), for which = 1 

The classical soliton solution of the hedgehog type for (A,yu) irrep of the SU(3) 
group may be expressed as direct sum of hedgehog ansatze in SU(2) irreps 0. The SU(2) 
representations embedded in the (A, /i) irrep are defined by the canonical SU (3) D SU (2) 
chain. The hedgehog generalization takes the form: 

(a,m) 

expi(a ■ x)F(r) ^ Uo (x, F(r)) = expi2 (^JIo}\) ■ F(r) = ^ ®D^{x) , (3.16) 

where a are Pauli matrices and x is the unit vector. The Euler angles of the SU(2) 
subgroup in terms of polar angles if, 9 and the chiral angle function F{r) are: 

=Lp — arctan(cos^tanF(r)) — 7r/2, 
= — 2 arcsin(sin 6' sin F(r)), 
x^ = - V9 - arctan(cos6'tanF(r)) + 7r/2. (3.17) 

The normalization factor (|3.15p ensures that the baryon number density for the hedgehog 
skyrmion in a general irrep has the usual form: 

Bf(x) = e»-« li (d,U„) Ul (dM,) {/„' (d,U„) f/„' 

= - ^'^^F'ir) . (3.18) 

With the hedgehog ansatz ()3.16p . and after renormalization with the factor ()3.15p . 
the Lagrangian density ()3.9|) reduces to the following simple form: 
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Variation of the classical hedgehog soliton mass leads to standard differential equation for 
the chiral angle F{r). 

The SU(3) chiral symmetry breaking term of Lagrangian density is defined here 

as: 



1 f 
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This form is chosen so that it reduces to the mass term of the TT,K,ri mesons when the 
unitary field f/(x, t) = exp[j-{pkAk] is expanded around the classical vacuum U = 1 : 

CsB = -^rnl{<^l + + vl) - ^f^Kivl + + + V^?) - ^"^?<^8 + ■■• ■ (3-21) 

For arbitrary irrep the coefficients in the symmetry breaking term can be readily 
obtained as: 

"^0=3 K + ^^k) , = ^ ^g^o)^^ K - "^k) , (3.22) 



where 



Cf^^^\\p.) = i(A-/i)(2A + /x + 3)(2/i + A + 3), (3.23) 
9 



is the eigenvalue of the cubic Casimir operator of SU(3). 

For the self adjoint irreps X = fi the symmetry breaking part of Lagrangian ()3.20|) 
is proportional to ml = only. The Gell-Mann-Okubo mass formula: 

ml + 3ml - 4m% = , (3.24) 

is satisfied in all but the self adjoint irreps. 



4. QUANTIZATION OF THE SKYRMION 

The direct quantization of the Skyrme model even in the case of SU(2) leads to 
rather complicated equations [7]. Here the collective coordinates for the unitary field 
U in (A, yu) irrep are employed for the separation of the variables, which depend on the 
temporal and spatial coordinates: 

U{x, F{r), q(t)) = A{q{t))Uo (x, F(r)) A^{q{t)) . (4.25) 



Because of form of the ansatz Uo ()3.16j) . the unitary field U is invariant under right 
U(l) transformation of the A{q(t)) = D^^'^\q{t)) matrix, defined as 

A(q(t)) ^ A(q(t)) exp pj^f^^^ . (4.26) 

Thus the seven- dimensional homogeneous space SU(3)/U(1), which is specified by the 
seven real, independent parameters q''{t), has to be considered. The mathematical struc- 
ture of the Skyrme model and its quantization problems on the coset space SU(3)/U(1) 



have been examined by several authors 



16|. The canonical quantization procedure for 



the SU(3) Skyrme model in the fundamental representation has been considered by Fujii 
et al. 6|. Here the attention is on the representation dependence of the model. The La- 
grangian (|3.9p is considered quantum mechanically ab initio. The generalized coordinates 
q'^{t) and velocities (d/dt)g'^(t) = g'^(t) satisfy the commutation relations: 

[q\q']=-ir{q), (4.27) 

where f'^\q) are functions only of q^ ^ and the form of which will be determined below. 
The commutation relation between a velocity component q^ and arbitrary function G{q) 
is given by 

[q\ G(g)] =-iY. f'{q)drG{q) . (4.28) 

r 

For the time derivative the usual Weyl ordering is adopted: 

5oG'(g) = i|g^^G(g)} . (4.29) 

The operator ordering is fixed by the form of the Lagrangian ()3.9|) . without further or- 
dering ambiguity. 

The ansatz ()4.25j) is then substituted in the Skyrme Lagrangian ()3.9|1 followed by 
an integration over the spatial coordinates. The Lagrangian is then obtained in terms of 
collective coordinates and velocities. For the derivation of the canonical momenta it is 
sufficient to restrict the consideration to terms of second order in the velocities here (the 
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terms of first order vanish). This leads to: 
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The Lagrangian ()4.30p is normalized by the factor ()3.15p . The metric tensor takes 
the form 

9.,{q,F) = C':^^\q)E(A)iB){F)C'^''\q) ■ (4.31) 
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Here the sohton moments of inertia are given as integrals over the dimensionless variable 
f = e/^r: 
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The canonical momentum, which is conjugate to q^, is defined as 
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then yield the following explicit form for the functions f^^iq)'- 

r^q) = (gafs)-' = C[%{q)E^^^^^\F)C[%{q) , 



(4.33a) 
(4.33b) 

(4.33c) 
(4.34) 



(4.35) 



(4.36) 



where 



^{Z,I,M){Z',I',M')^jp^ 



\Z+M 



1 



Sz,-z'SiT'S 



M,-M' 



(4.37) 



Note that here E^'^'>^^'^ (F) is left undefined. The summation over the indices (A) denotes 
summation over the basis states {Z,I,M) of irrep (1,1), excluding the state (0,0,0). It 
proves convenient to introduce the reciprocal function matrix C|^^(g), the properties of 
which are described in the Appendix. The commutation relations of the momenta (j4.35p 
ensure the choice of parameters on the manifold SU(3)/U(1) (see j^). Here there is 
no need for explicit parameterization of g". 

After determination of function f°'^{q) the following explicit expression A ob- 
tains: 
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Here 1 is the unit matrix in the (A,/i) irrep of SU(3) and tzj are unit matrices in the 
SU(2) irreps. Note that the inverse of the rotation represented by D^^'^\q) is denoted 

/)(A,M)(_g). 

The field expression ()4.25p is substituted in the Lagrangian density ()3.9p in order 
to obtain the explicit expression in terms of collective coordinates and space coordinates. 
Some expressions with SU(3) group generators, that are useful for this purpose, are pre- 
sented in Appendix. After some lengthy manipulation the complete expression of the 
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Skyrme model Lagrangian density is obtained as: 
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Here the following notation has been introduced: 
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[The "4" in the last bracket on the last row is missing in the corresponding expression 
in ref.0], the consequence of which is the appearance of a spurious term — 3/8ai/2{F) in 
eq. (69b) of that paper (there are some minor misprints in that equation as well)]. The 
notation (A) indicates that only the states for which I = \ and Z = ±i are included. 
The AAik{F) terms may be interpreted as quantum mass corrections to the Lagrangian 
density. The AAi'{F, q) term depends on the quantum variables and is an operator on 
the configuration space. 

The integration ()4.41|1 over the space variables and normalization by factor ()H.15|1 
gives the Lagrangian 

- Md - AMi - AM2 - AM3 - AM'(g) 

2 

- Md - AMi - AM2 - AM3 - AM'(g) . (4.41) 

Here M,i = ^M^ = J d'xMdiF), AMk = e^/^AM^ = / d^xAMk{F) and AM'(g) = 
J d'^xAM.'{q), where and are integrals over the dimensionless variable. 

5. STRUCTURE OF THE LAGRANGIAN AND THE HAMILTONIAN 

The Wess-Zumino-Witten (WZW) action is given as an integral over the five di- 
mensional manifold M^, the boundary of which is the compactified spacetime: dM^ = 
= X S^. This term is necessary to account for the anomalies in QCD ^]. The 
standard form for this term is: 

SwziU) = -^^^ j d^'xe^'^P'^ Ti R,R,RxR,K , (5.42) 

where Nc is the number of colors and A^' is a normalization factor. The derivation of the 
contribution of the Wess-Zumino-Witten term to the effective Lagrangian in the frame- 
work of collective coordinate formalism is given in ref. By application of Stoke's 



theorem it takes the following form in a general dimension: 
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Here 



A'=^dim(A,^)C|'""(A,^). (5.44) 

The coefficient A' depends on the representation (A, fi) . For all self adjoint irreps X = fx 
the WZW term vanishes. Following Witten [X^ the normalization factor is chosen to be 
A^' = dim(A, fi)C^'^^^\X, /i)/20 so that A' = NcB /2y/3 . In the fundamental representation 
A^' = 1. Here the coefficient A' only serves to constrain the states of the system. Because 
the cubic Casimir operator C^^''^^ ()3.23p vanishes in the self-adjoint representations, it 
follows that the WZW term ()5.43p also vanishes in those representations. 

The Lagrangian of the system, with inclusion of the WZW term is: 

L' = Lsk + Lwz ■ (5.45) 

There are seven collective coordinates. The momenta Pa that are canonically conjugate 
to g° are defined as 

f^r' 1 

P« = = - 9,a)} - ^ycT\q) . (5.46) 

These satisfy the canonical commutation relations ()4.35j) . The WZW term may be consid- 
ered as an external potential in the system . The seven right transformation generators 
may be defined as: 

RiA) = \{P^ + ^'^CTiq), Cl%{q)} = cf\q)}E^s)iA) • (5.47) 

The commutation rules for the generators ()5.47|) and their action on the D^^'^^ matrices 
are given in Appendix. It is convenient to define an eighth transformation generator 
formally as 0]: 

i?(o) = -A' . (5.48) 



The SU(2) subalgebra of the operators -R{o,i,m) satisfies the standard SU(2) commuta- 
tion conditions and may be interpreted as spin generators (Appendix). The eight left 
transformation generators may be defined as: 

kB) = l{RiA),D^(]l'}s){-q)]. (5.49) 

The transformation properties and commutation relations for the left and right transfor- 
mation generators are given in Appendix. 

The effective Lagrangian, which includes the WZW term takes the form: 

- A'^ {r, C'^'\q)} - - AMi - AM, - AM3 - AM'(g) 

- A'^ {r, C'^'\q)} - AMi - AM2 - AM3 - . (5.50) 

Note that the AM'(g) term which depends on quantum variables due to introducing of 
left translation generators (see (jmi)) in the La grangian expression ()5.50|) vanishes. 

For the purpose of obtaining Euler-Lagrange equations that are consistent with 
the canonical equation of motion of the Hamiltonian, the general method of quantization 
on a curved space developed by Sugano et al. is employed, in which the following 
auxiliary function is introduced: 

= -i9,C(%(g)i?(^)(^)9.q%(g) 

+ TTT^ f(-l)^C':W(g)C\ {q)C'' . {q)C^'\q)+A • (5.51) 
16ai(F) V (A) i-A) J 

With this the covariant kinetic term may be defined as: 
2K = ^{p^ + tXC'^'\q),r}-Z{q) 

= ^ ((-1)^^(A)I^(-A) - A'^) + - ^ j (i?(o,i,-) ■ ^(0,1,.)) • 

(5.52) 



According to the prescription the effective Hamiltonian (with the constraint 
(j5.48j) ) is constructed in the standard form as: 



H = ^{Pa, q"} - Leff - Z{q) = K + AM, + AM^ + AM, + M^ , 



(5.53) 



Upon renormahzation the Lagrangian density ()4.39p may be reexpressed in terms 
of left and right transformation generators. The effective Hamihonian density without 
the symmetry breaking term in turn takes the form: 



H 



Sk 



;i-cosF) 
4ai(F) 



1 

4? 



?'2 



sin^ F 



-1) L(^A)L(-A) - (-R(o,i, ) ■ -R 



Ho,i,-) 



-A 



/2 



+ 



sin^F 
2^ 



-R(o,i, ) ■ -R(o,i, ) ) ~ ( -^(0,1, ) ■ ^ ) ( -^(0,1,-) ■ ^ 
+ AA^i + AM2 + AM, + Mci . 



(5.54) 



The products of spin operators -R(o,i,m) may be separated into scalar and tensorial 
terms as: 



(^-R(o,i, ) ■ -^(0,1, )) ~ (-^(0,1, ) ■ ^) (-^(0,1,-) ■ ^ 
2 / - - \ 47r 

= g (^^(0,1,0 ■ ^(0,1, ) j - Y>"2V+Af'(^.<^) 



1 1 2 

M M' M+M' 



-R(0,1,M)-R(0,1,M') 5 (5.55) 



where Yi^m{'&-,^) is a spherical harmonic and the factor in the square brackets on the 
right-hand side is an SU(2) Clebsch-Gordan coefficient. 

The covariant kinetic term ()5.52|) is a differential operator constructed from SU(3) 
left and SU(2) right transformation generators. The eigenstates of the Hamiltonian (|5.53p 
are: 



(A,M) 
Y,T,MT;y' ,S,Ms 



v/dim(A, M)D 



*{A,M) 

{Y,T,Mt){Y',S,Ms) 



(?) |0) 



(5.56) 



Here the quantity D on the right-hand side is the complex conjugate Wigner matrix 
elements of (A, M) irrep of SU(3) in terms of quantum variables g^. The topology of 
the eigenstates can be nontrivial and the quantum states contain an eighth "unphysical" 
quantum variable 

The matrix elements of the Hamiltonian density ()5.54|) for states with spin S > ^ 
are not spherical and those states consequently have quadrupole moments. In the case 



S = \ the matrix element of the second rank operator in right hand side of ()5.55|1 



2 

vanishes. 



6. THE SYMMETRY BREAKING MASS TERM 

The chiral symmetry breaking mass term for the SU(3) sohton was defined flH.2()j) . 
With the ansatz ()4.25j) in ()H.2()|1 the symmetry breaking density operator for the general 
irrep {X, fi) obtains as: 



CsB - -MsB - ^ ^ 



ml Tr |f/o+f/(i -21} 
2ml Tr { {u,+U^^ } D^^^^ (-g)] . (6.57) 



The operator ()fj.57|l contains the matrix elements D^^'^\ which depend on the quantum 
variables g". In this form this operator mixes the representations (A, M) of the eigenstates 
of the Hamiltonian Q|. The physical states of the system with symmetry breaking term 
therefore in principle have to be calculated by diagonalisation of the Hamiltonian. Since 
the mass term is minor part of the Lagrangian it may considered as a perturbation in the 
SU(3) representation (A,M). 

For a given irrep (A, /x), in which the Lagrangian is defined, the symmetry breaking 
term depends on the chiral angle F{r) as: 

Tr \Uo+Ul - 2l| = 2 ^ ^ cos2mF(r) - 2dim(A,/i) 

z,j \m=-j / 

sin(l + A)F(r) + sin(l + At)F(r) - sin(A + /i + 2)F(r) 



2 sin F{r) — sin 2F{r) 
2dim(A,;u). (6.58) 



1 rr 



cos2mF{r 



\m=-] 



Further development of the expression ()6.57|1 leads to: 

(a,m) p 

Tr { [Uo+Ui) Jf^'ii)} = 2 5^ 2v^ - ^) + z 
2^3 

2 sin F(r) — sin 2F{r) 

X + ^) (sin(l + n)F{r) - sin(A + /i + 2)F(r)) 

+ ^(A - /i) (sin(l + A)F(r) + sin(l + /i)F(r) - sin(A + + 2)F(r)) 

+ ^(1 + A) (sinF(r) - sin(2 + ^)F(r)) cos AF(r) 

- (cosF(r) -cos(2 + /i)F(r))sinAF(r) |. (6.59) 

For high irrep (A, fi) the dependence of the symmetry breaking term on the chiral 
angle F{r) differs significantly from that in the fundamental representation (1,0). In 
that representation the symmetry breaking term takes the standard form: 

'0 ~^ 7^ "^8-^{0)(0)(~9) 



MsB = fl (1-cosF) 



(6.60) 



In the case of (2, 0) representation the expression is: 
1 



MsB = ^f^ 



1 - cos F + 2 sin^ F) - (1 - cos F - 4 sin^ F)^ ^JJ^JJ^ (-g) 



(6.61) 



Note that in both cases the asjTiiptotical behavior at large distance of the symmetry 
breaking terms are different. 



7. DISCUSSION 

Above the SU(3) Skyrme model was quantized canonically in the framework of the 
collective coordinate formalism in for representations of arbitrary dimension. This lead 
to the complete quantum mechanical structure of the model on the homogeneous space 



SU(3)/U(1). The resu 
for SU(2) and SU(3) 



ts extend those obtained earlier in the fundamental representation 



and those obtained in general representations of SU(2) 
The explicit representation dependence of the quantum corrections to the Skyrme model 
Lagrangian was derived. This dependence is nontrivial, especially for the Wess-Zumino- 
Witten and the symmetry breaking terms. The operators that form the Hamiltonian were 
shown to have well defined group-theoretical properties. 



The choice of the irrep that is used for the unitary field depends on the phe- 
nomenological aspects of the physical system to which the model is applied. Formally the 
variation of the irrep can by interpreted as modification of the Skyrme model. The repre- 
sentation dependence of the Wess-Zumino-Witten term was shown to absorbable into an 
normalization factor, with exception of the self adjoint irreps in which this term vanishes. 
The symmetry breaking term has different functional dependence on chiral angle F{r) in 
different irreps. In case of self adjoint representations the symmetry breaking term, which 
is proportional to ml coefficient also vanishes. 

The effective Hamiltonian (j5.53|) commutes with the left transformation generators 
L(^) and the right transformation (spin) generators -R(o,i,m) : 



0, (7.62) 



which ensures that the states (j5.56|) are the eigenstates of the effective Hamiltonian. 

The symmetry breaking term does, however, not commute with the left generators: 

hz,\,M).MsB] 7^0, (7.63) 

and therefore this term mix the states in different representations (A, M). 

A new result of this investigation is the tensor term ()5.56|) in Hamiltonian density 
operator (j5.55p . Because of the tensor operator the states with spin S > \ have quadrupole 
moments. 

Consider finally the energy functional of the quantum skyrmion in the states of 
(A, M) irrep. The problem is simplified if the symmetry breaking term that leads to 
representation mixing is dropped: 

^) + - 

+ AMi + AM2 + AM3 + Ma . (7.64) 

The variational condition for the energy is: 

^^ = 0, (7.65) 

with the usual boundary conditions F{0) = vr, F(oo) = 0. At large distances this equation 
reduces to the asymptotic form 

f-^F" + 2fF' - (2 + m^^)F = , (7.66) 



where the quantity is defined as: 

2 

8AM1+4AM3 AM3 + 2AM2 1 \ , . 

3ai(F) 2ai(F) ai(F)ai(F)y' ^ ^ ^ 

The corresponding asymptotic solution takes the form: 

fm^ 1 \ 

F(r) = k I h — I exp(— mf) . (7.68) 

\ r J 

The quantum corrections depends on the irrep (A,/i) to which the unitary field U{'x,t) 
belongs as well as on the state irrep (A, M) and spin S. This bears on the stability 
of quantum skyrmion, the requirement of stability of which is that the integrals (j4.33b[ 
I4.33cj) and AMk converge. This requirement is satisfied only if > 0. That condition 
is only satisfied in the presence of the negative quantum mass corrections AMk- It is the 
absence of this term, which leads to the instability of the skyrmion in the semiclassical 
approach P| in the SU(2) case. Note that in the quantum treatment the chiral angle 
F{r) has the asymptotic exponential behavior ()7.68|1 even in the chiral limit. 
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APPENDIX A 



The functions Ca^\q) defined in (|2.2p are siebenbeins which constitute nonsingular 
7x7 matrices. We can introduce the reciprocal functions C|^j(g) by: 



mm 



(A. lb) 



Here (A) and (B) denote the basis of the irrep (1, 1), with exception for the state (0, 0, 0). 
The C(o)(?) are not defined. 

The properties of the functions Ca^\q) follow from dadpD^^'^^^ = df^daD'^^''^^ : 



(1,1) (1,1) (l,l)a 

{K') (K") (K) 

and are correct for all states (K) including (0,0,0). The following properties of the 
functions C'^%)iq) are useful: 



q'|,)(g)a«C;|„)(g) - C;|„)(g)a„C;j,)(g) + 



(1,1) (1,1) (1,1). 

(K') {K") (K) 

= Vlz''CT\q)C[%^{q)C[%,^{q) - VlzVT\q)C'CK4^)C'l'^')^q) . (A.3) 

In section 4 the right transformation generators (|5.47|) are defined with the follow- 
ing commutation relations: 

(1,1) (1,1) (1,1). 



R(A')^R(A") 



{A') (A") (A) 



(A) 



+ 



VSz" {c[%^{q)C'('\q),RiA")} - VSz' {c[%,^{q)CT\q), • 

(A.4) 

The SU(2) subalgebra of the generators R(o,i,m) satisfies the standard SU(2) com- 
mutation relations. These may be interpreted as spin operators because its acting on 
unitary field ()4.25p can be realized as a spatial rotation of skyrmion only: 

"/2(o,i,M),A(g)f/o(a:)A(g)t] = A{q) [jJii,M)' ^o(a:)] A^iq). 

The transformation rule for irrep matrices is: 



(A5) 



-R(i?),-D(^)'|^,)(g) 



D 



(A,M) 



A" 



J, 



(1,1) 



(A,^) 
A' 



(A)(A"l(^)^ 

-^y'^;i)(?)c^?n^)^a)';!4M(^)- 



'(A)(A')^ 



(A.6) 



The eight left transformation generators are defined as: 



where 



(A.7) 



(A.8) 



the properties of which follows from ()A.3|) : 

By making use of ()A.4jl it may be proven that: 



(1,1) (1,1) (l,l)a 

(B") {B') [B) 



K^^). (A.9) 



(1,1) (1,1) (l,l)a 

{B') {B") (B) 



(A.IO) 



The three right transformation generators or spin operators -R(o,i,m) commute with the 
left transformation generators: 



-R(0,1,M), L(^B) 



0. 



(A.ll) 



The left transformation rules for the irrep matrices are: 



L{B),D[^^l^){q) 



A' 



t{1,1) 



A") Dl'^^Wq) - ■ /^;o);i,)(-g)/^;:;',';;^)(g) 



){i,i) 



(A.12) 



It is straightforward to derive the following result: 



^(B)-L-(-B) 



(-1) R{A)Ri-A) + X - ^ 



16 (A) ^ (_A) 

For the derivation of the Lagrangian density the following expressions are needed: 



i^(^)(i^)(i.)j(M)ja.i) 



(A) "(B) 

1 c^ui,)^l 1 



ai{F) ai{F) 



j: 



(1,1) 

(0,0,0) 



(A.14) 



(B')iB) 
COSF ^SU(3) 



ai{F) 



+ 



(A) ''(B') 

COS F cos 2F 



ai(F) ai(F) 



^su(2) I cosF / (1,1) y 

o I -'(0,0,0) y 



ai(F) 



sin^F / (1,1) X / (1,1) 



'(0,1,-) 



(A.15) 



Here L>^^,^^^^(£, F(r)) is a Wigner matrix of the SU(2). The summation is over SU(2) 
representations 1 — ^,1 and the corresponding bases, 



(1,1) (1,1) (l,l)a 
(A) (0,1,«) (C) 



+ 



\2ai(F) ai(F) 



J, 



(1,1) 

(0,l,w) 



(A.16) 



(1,1) (1,1) (1,1), 

(A) (0,l,n) (C) 



sinF +,^^f^(i.i)^.. 



«l2ai(F) ai(F) 



(0,1,-) 



/ sinF sin2FA 



_ sinF ^gf/(3) 

2ai(F) 2 l2ai(F) ai(F) j 

COS2F cosF .sin2F / (i,i) 
^ ' ai(F) ^2ai(F)'^'ai(F) ^ (o.V) " ^, 



A5f7(2) _ Sill-^ / t(1,1) 

2ai(F) 



X7, 



J, 



1,1) \ 

3,1,«) / • 



(A.17) 
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